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DONALDSON–THOMAS INVARIANTS FOR COMPLEXES ON ABELIAN
THREEFOLDS
MARTIN G. GULBRANDSEN
Abstract. Donaldson–Thomas invariants for moduli spaces M of perfect com-
plexes on an abelian threefold X are usually zero. A better object is the quotient
K = [M/X × X̂] of complexes modulo twist and translation. Roughly speaking,
this amounts to fixing not only the determinant of the complexes in M, but also
that of their Fourier–Mukai transform. We modify the standard perfect symmet-
ric obstruction theory for perfect complexes to obtain a virtual fundamental class,
giving rise to a DT-type invariant of the quotient K . It is insensitive to deforma-
tions of X, and respects derived equivalence. As illustrations we examine the case
of Picard bundles and of Hilbert schemes of points.
1. Introduction
The aim of this paper is to attach nontrivial Donaldson–Thomas type invariants
to abelian threefolds.
Donaldson–Thomas invariants, as defined by Thomas [21], are integers associ-
ated to (proper) moduli spacesM of stable coherent sheaves on a projective three-
foldX with trivial canonical bundle. By definition, the Donaldson–Thomas invari-
ant is the degree of the virtual fundamental class (of dimension zero) associated
to a natural perfect obstruction theory onM .
If Pic0(X) is nontrivial, so that line bundles deform, the perfect obstruction the-
ory contains a trivial summand, causing the virtual fundamental class and hence
its degree to be zero. The standard remedy is to shrink M so that it parametrizes
only sheaves E with fixed determinant line bundle det(E ). The resulting invariant
makes sense whenX is an abelian threefold, but is still almost always zero, as there
is another trivial summand present in the obstruction theory. Roughly speaking,
this summand controls deformations of the determinant line bundle det(Ê ) of the
Fourier–Mukai transform Ê . In this text we call det(Ê ) the codeterminant of E .
In Section 2 we modify the standard perfect obstruction theory to obtain a
virtual fundamental class on moduli spaces for sheaves — and more generally
perfect complexes — on abelian threfolds, with fixed determinant and codeter-
minant. This gives rise to a DT-type invariant which is nontrivial in general. In
Section 3 we package the data in a more natural way by forming the stack quotient
K = [M/X × X̂] and assigning a DT-invariant to K . This invariant is insensitive to
deformations of X, and it agrees with Behrend’s weighted Euler characteristic of
K . In particular it is intrinsic to K . Moreover, it respects derived equivalence in
the following sense: if Y is a second abelian threefold such that the derived cat-
egories D(X)  D(Y ) are equivalent, then M may equally well be considered as a
moduli space for complexes on Y , but the quotient K and its DT-invariant stay the
same.
As indication that the quotient K is a natural object, and that its DT-invariant is
nontrivial in general, we examine two examples in Section 4: Picard bundles, and
Hilbert schemes of points.
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1.1. Notation. Let π : X → S be a projective abelian scheme over a separated, noe-
therian and connected base scheme S, itself defined over an algebraically closed
field k of characteristic zero.
In some sections we let k = C to apply a result of Mukai (Section 2.1), relating
the Chern character of a complex with that of its Fourier–Mukai transform. Fur-
thermore, the characteristic zero assumption is used to ensure that line bundles
deform freely.
The group law is written m : X ×S X → X, and translation along an S
′-valued
point x ∈ X(S ′) is written Tx : XS ′ → XS ′ . We letP denote the normalized Poincaré
bundle on X ×S X̂, where π̂ : X̂ → S is the dual abelian scheme. When L is a line
bundle on X, we let φL : X → X̂ be the S-morphism defined by the line bundle
m∗L ⊗ p∗1L
−1 ⊗ p∗2L
−1. We denote by Pξ the restriction (1 × ξ)
∗P for a valued
point ξ ∈ X̂(S ′). Abusing notation slightly, we also write Px for (x × 1)
∗P when
x ∈ X(S ′).
We write the Fourier–Mukai transform of a complex E of OX -modules as Ê ; it
is a complex on X̂. This is a deviation from the literature: the notation Ê is usu-
ally reserved for WIT-sheaves. The relative version of Mukai’s Fourier inversion
theorem [15, Theorem 1.1] gives a functorial isomorphism
(1) Ê  (−1)∗E ⊗ωX/S[−g]
where g is the relative dimension of X over S.
Since the Fourier–Mukai transform may map a sheaf to an honest complex,
i.e. having nontrivial cohomology in more than one degree, it is natural to work
with complexes from the start. Complexes will be considered as objects in the
derived category, and functors f∗, f
∗, ⊗, Hom etc. will mean their derived versions
throughout. In particular, restriction of a complex to a subscheme, such as a fibre
of a morphism, means derived restriction. We write H i and Exti for hyperco-
homology and hyperext. The cohomology sheaves of a complex will be denoted
hp(−). Thus, the classical p’th derived functor of, say f∗, will be written h
pf∗(−).
We use line bundle and vector bundle as synonyms for invertible sheaf and
locally free sheaf.
1.2. Moduli spaces. A complex E of sheaves on a scheme X/S is perfect if it is
Zariski locally isomorphic to a bounded complex of locally free sheaves of finite
rank. It is simple if
Ext
p
Xs
(Es ,Es) =
k p = 0,0 p < 0
for all k-valued points s ∈ S. (To save ink we thus let simplicity also encompass
the property of having no negative Exts.)
By a moduli space M/S for simple perfect complexes on X, we mean a subfunc-
tor, representable by scheme or algebraic space of finite type/S, of the functor
sending a scheme T to{
perfect simple com-
plexes on X ×S T
}/
twist by Pic(T ) and
quasi-isomorphism
and which is locally complete: whenever a T -valued point E ∈ M(T ) extends to a
complex E on X ×S T for an infinitesimal thickening T ⊂ T , then E is a T -valued
point ofM .
Weaker notions of moduli spaces suffice, and we will allow Simpson moduli
spaces M for (locally free resolutions of) stable sheaves, with fixed Hilbert poly-
nomial. This is not quite covered by the definition above: a universal family E on
M ×X may only exist (étale) locally. Still the sheaf Hom(E ,E ) does exist globally,
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and we will ignore that the family E itself may not exist as a sheaf. We are not
concerned with stability conditions for complexes in general, but take the moduli
spaceM as given.
Eventually, we will assume that the moduli space M is proper, as we want to
take degrees of zero cycles on it.
1.3. Obstruction theory. For the following construction, we refer to Huybrechts–
Thomas’ treatment [9] of obstruction theory for perfect complexes, which we fol-
low closely.
Let LM/S denote the truncation to degrees ≥ −1 of the cotangent complex of
M/S. If M embeds as a closed subscheme of a smooth scheme W over S, with
ideal I ⊂ OW , this is
LM/S :
(
I /I 2 → ΩW/S
∣∣∣
M
)
with nonzero objects in degree −1 and 0.
Associated to the universal complex E onX×SM there is an element, the Atiyah
class of E , in Ext1(E ,E ⊗LX×SM/S ). Since p
∗
2LM/S is a direct summand of LX×SM/S ,
the Atiyah class projects to an element in
Ext1(E ,E ⊗ p∗2LM/S ) H
1(Hom(E ,E )⊗ p∗2LM/S )
H1(p2∗Hom(E ,E )⊗ LM/S )
 Ext1((p2∗Hom(E ,E ))
∨,LM/S )
and thus defines a morphism
(2) (p2∗Hom(E ,E ))
∨[−1]→ LM/S
in the derived category. (By relative duality, the source may be identified with
p2∗Hom(E ,E ⊗p
∗
1ωX/S )[g −1], as is commonly done in the literature; we prefer not
to.)
ReplacingHomwith the kernel of the tracemap, andM with its subspaceM(L )
of complexes with fixed determinant, the morphism (2) becomes a relative ob-
struction theory [9, Theorem 4.1] in the sense of Behrend–Fantechi [3].
2. Deformations with fixed determinant and codeterminant
2.1. Chern class condition. In this section, S = SpecC and X is an abelian vari-
ety of dimension g . Let ch be the Chern character in
⊕
pH
2p(X,Z) of a perfect
complex E , with homogeneous decomposition
ch = r + c1 + · · ·+γ +χ.
We view the rank r and the Euler characteristic χ as integers. By a result of Mukai
[15, Corollary 1.18], the Chern character of the Fourier–Mukai transform Ê is
ĉh = χ −γ + · · ·+ (−1)g−1c1 + (−1)
g r
when identifying
(3) H2p(X,Z) H2(g−p)(X,Z)∨ H2(g−p)(X̂,Z)
via Poincaré duality.
To the divisor class c1 there is an associated homomorphism φc1 : X → X̂. Via
(3), the curve class γ corresponds to a divisor class on X̂, (the first Chern class of
Ê , up to sign); denote the associated homomorphism by ψγ : X̂ → X.
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Now letM be a moduli space of perfect complexes with Chern character ch, big
enough to be stable under the actions ofX by translation and X̂ = Pic0(X) by twist:
a (valued) point (x,ξ) ∈ X × X̂ acts on complexes E ∈M by
E 7→ T ∗−x(E )⊗Pξ ,
where the sign on x is for cosmetic reasons.
The following is modelled on the constructions of Beauville [1, Section 7] and
Yoshioka [23, Section 4.1] in the case of sheaves on abelian surfaces. The deter-
minant det(E ) and codeterminant det(Ê ) line bundles of the universal family on
M ×X define a morphism
(4) δ : M → Pic−γ (X̂)×Picc1(X)
(γ is viewed as a divisor class on X̂). We want to use the action of X × X̂ on M to
ensure that all fibres of δ are isomorphic.
Condition 2.1. Assume that(
χ −ψγ
−φc1 r
)
∈ End(X × X̂)
is an isogeny.
The condition is rather weak, as we will indicate in Proposition 3.5. Recall that
an isotrivial fibration is a morphism that becomes the projection from a product
after an étale base change.
Proposition 2.2. Impose Condition 2.1. Then δ is an isotrivial fibration.
Proof. Let E ∈M and (L ′ ,L ) = δ(E ). Then
det(T ∗−x(E )⊗Pξ ) = (T
∗
−xL ⊗L
−1)︸            ︷︷            ︸
φc1 (−x)
⊗Prξ ⊗L
det( ̂T ∗−x(E )⊗Pξ ) = (T
∗
ξL
′ ⊗ (L ′)−1)︸               ︷︷               ︸
ψ−γ (ξ)
⊗Pχx ⊗L
′
(use that the Fourier–Mukai transform exchanges twist and translation, up to sign
[15]). Thus, if X × X̂ acts on the base of δ via the matrix in Condition 2.1 followed
by addition in Pic(X̂)×Pic(X),
X × X̂
isogeny
−−−−−−→ X × X̂ = Pic0(X̂)×Pic0(X)y Pic−γ (X̂)×Picc1 (X),
then δ is X × X̂-equivariant.
It follows that, for any fibre M(L ′ ,L ) = δ−1(L ′ ,L ) of δ, there is a Cartesian
diagram
(X × X̂)×M(L ′ ,L )
action
✲ M
X × X̂
projection
❄
isogeny
✲ Pic−γ (X̂)×Picc1 (X)
δ
❄
where the isogeny at the bottom is defined by the action on (L ′ ,L ). 
Recall the endomorphism construction studied by Morikawa [12] and Mat-
susaka [11]: if σ and τ are cycles of complementary dimension on an abelian
variety X, then α = α(σ,τ) is the endomorphism
α(x) =
∑
στx −
∑
στ,
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where τx = Tx(τ) is the translated cycle, and the summeans addition of zero cycles
using the group law on X. This endomorphism depends only on the numerical
equivalence classes of σ and τ [11, Theorem 1]. Condition 2.1 may be checked on
the “determinant” of the matrix appearing:
Lemma 2.3. Condition 2.1 holds if and only if the homomorphism
rχ −α(γ,c1) ∈ End(X)
is an isogeny.
Proof. The homomorphism in Condition 2.1 is an isogeny if and only if(
r ψγ
φc1 χ
)
∈ End(X × X̂)
is an isogeny, and their composition is(
χ −ψγ
−φc1 r
)(
r ψγ
φc1 χ
)
=
(
χr −ψγφc1 0
0 χr −φc1ψγ
)
.
Thus Condition 2.1 holds if and only if this diagonal matrix is an isogeny. The two
entries on the diagonal are duals of each other, so to prove the lemma it suffices to
see that
(5) ψγ ◦φc1 = α(γ,c1).
Both sides of (5) are Z-linear in γ . Thus it suffices to treat the case where γ is
the class of an integral curve C ⊂ X. Let ν : C˜ → X be the normalization of C, and
let J be the Jacobian of C˜. There are induced Picard and Albanese maps ρ : X̂ → J
and σ : J → X.
It is straight forward to verify (see proof of [5, Prop. 11.6.1], where theMorikawa–
Matsusaka endomorphism is defined with opposite sign of ours) that
α(γ,c1) = −σ ◦ ρ ◦φc1 .
Now choose a line bundle L on C˜ (taking OC˜ is ok). By Grothendieck–Riemann–
Roch for ν, we have [
ch(ν∗L )
]
g−1
= γ
where the subscript g − 1 denotes the homogeneous component in H2(g−1)(X,Z).
Thus the first Chern class of ν̂∗L corresponds to −γ via Poincaré duality (3), so
with L ′ = det(ν̂∗L ), the homomorphism φL ′ : X̂ → X coincides with −ψγ . But
now [19, Prop. 17.3]
φL ′ = σ ◦ ρ,
and we have established (5). 
Remark 2.4 (Matsusaka [11, Proposition 1]). If γ is proportional to c
g−1
1 inH
2(g−1)(X,Q),
then α(γ,c1) is multiplication by the integer deg(γc1)/g . So in this case the endo-
morphism in Lemma 2.3 is either zero or an isogeny.
2.2. Diagonals and traces. Return to the relative situation of an abelian scheme
X/S.
Lemma 2.5. Let E and F be perfect complexes on X.
(i) There is a canonical isomorphism
π∗Hom(E ,F )  π̂∗Hom(Ê ,F̂ )
of complexes in the derived category D(S).
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(ii) The induced isomorphism
ExtiX (E ,F )  Ext
i
X̂
(Ê ,F̂ )
sends an element on the left, viewed as a derived category morphism E → F [i],
to its Fourier–Mukai transform Ê → F̂ [i].
Proof. Consider the fibre diagram
X ×S X̂
p2✲ X̂
X
p1
❄
π
✲ S
π̂
❄
and form the complex Hom(p∗2Ê ,p
∗
1F )⊗P on X ×S X̂.
Push forward to X̂ to get
p2∗(Hom(p
∗
2Ê ,p
∗
1F )⊗P )  p2∗Hom(p
∗
2Ê ,p
∗
1F ⊗P )
Hom(Ê ,p2∗(p
∗
1F ⊗P ))
Hom(Ê ,F̂ )
and push forward to X to get, by relative duality over p1,
p1∗Hom(p
∗
2Ê ,p
∗
1F )⊗P  p1∗Hom(p
∗
2E ⊗P
∨,p∗1F )
Hom(p1∗(p
∗
2Ê ⊗P
∨ ⊗ωp1[g]),F )
Hom(E ,F )
where g is the relative dimension of X/S, and where we used Fourier–Mukai in-
version in the last step.
ThusHom(p∗2Ê ,p
∗
1F )⊗P pushes forward toHom(E ,F ) onX and toHom(Ê ,F̂ )
on X̂. Push further down to S to obtain (i).
The induced map in (ii) now arises as a composition
ExtiX (E ,F )  Ext
i
X×S X̂
(p∗2Ê ,p
∗
1F ⊗P )  Ext
i
X̂
(Ê ,F̂ ).
The first isomorphism takes f : E → F [i] to
p∗2Ê = p
∗
2p2∗(p
∗
1E ⊗P )
adj
−−→ p∗1E ⊗P
p∗1(f )⊗P
−−−−−−−→ (p∗1F ⊗P )[i]
and the second isomorphism takes g : p∗2Ê → p
∗
1F ⊗P [i] to
Ê
adj
−−→ p2∗p
∗
2Ê
p2∗(g)
−−−−→ p2∗(p
∗
1F ⊗P )[i] = F̂ [i].
The composition of these is the Fourier–Mukai transform. 
Remark 2.6. The isomorphism
β(E ,F ) : π∗Hom(E ,F )→ π̂∗Hom(Ê ,F̂ )
from Lemma 2.5(i) is compatible with relative duality: the relative canonical sheaf
ωX/S has trivial fibres, and hence can be written π
∗η, where η is the restriction
of ωX/S to the zero section. On the dual side, the canonical sheaf ωX̂/S is π̂
∗η
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for the same η. Thus relative duality gives the vertical arrows in the diagram of
isomorphisms
Hom(π̂∗Hom(Ê ,F̂ ),OS )
β(E ,F )∨
✲ Hom(π∗Hom(E ,F ),OS )
π̂∗Hom(F̂ , Ê )⊗ η[g]
❄
β(F ,E )−1⊗η[g]
✲ π∗Hom(F ,E )⊗ η[g]
❄
and this diagram is commutative. We leave out the (formal) verification of this
statement.
Let E be a perfect complex on the abelian scheme X/S, and let
ι : π∗OX → π∗Hom(E ,E ), tr : π∗Hom(E ,E )→ π∗OX
denote the homomorphisms induced by the canonical “diagonal”map OX →Hom(E ,E )
and the trace map Hom(E ,E )→ OX . Let ι̂ and t̂r denote the corresponding maps
associated to Ê on X̂.
Lemma 2.7. Form the composition
π̂∗OX̂
ι̂
−→ π̂∗Hom(Ê , Ê )  π∗Hom(E ,E )
tr
−→ π∗OX .
and take first cohomology sheaves. The result coincides with the negative of the homo-
morphism
dφdet(E ) : h
1π̂∗OX̂ → h
1π∗OX
induced by φdet(E ) : X → X̂.
Remark 2.8. The notation dφdet(E ) is a reminder of the following [6, Theorem
8.4.1]: if σ : S → X denotes the zero section, then the restriction σ∗TX/S of the
relative tangent bundle is canonically isomorphic to h1π̂∗OX̂ . The induced homo-
morphism in the lemma can be viewed as the derivative of φdet(E ) along the zero
section.
Proof. The claim is local on S, so we may assume S = SpecR is affine. Then the
map in question is the composition of certain (R-module-) homomorphisms
(6) Ext1
X̂
(OX̂ ,OX̂ )
ι̂
−→ Ext1
X̂
(Ê , Ê )  Ext1X (E ,E )
tr
−→ Ext1X(OX ,OX ).
View elements of these Ext1-groups as first order infinitesimal deformations of the
argument, i.e. families of perfect complexes over S[ǫ] = SpecR[ǫ], where ǫ2 = 0.
The key point in what follows is that the trace map sends a first order deformation
to its determinant.
Since X is the dual of X̂, first order deformations of OX̂ correspond to mor-
phisms f : S[ǫ] → X extending the zero section σ : S → X. In these terms, the
homomorphism dφdet(E ) in the Lemma sends f to φdet(E ) ◦ f . By definition of
φdet(E ), the corresponding deformation of OX is
(7) T ∗f (q
∗det(E ))⊗ q∗det(E )−1 ∈ Pic(X ×S S[ǫ])
where q is projection to X. We want to compare this with the image of f through
the string (6) of homomorphisms.
The Fourier–Mukai transform yields an isomorphism
Ext1X (σ∗OS ,σ∗OS )  Ext
1
X̂
(OX̂ ,OX̂ ).
Let F = (f ,1) : S[ǫ] → X ×S S[ǫ]. Then the first order deformation of σ∗OS corre-
sponding to f is F∗OS[ǫ].
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Under ι̂, the deformation ̂F∗OS[ǫ] is sent to the tensor product
̂F∗OS[ǫ] ⊗ q̂∗E ∈ Ext
1
X (Ê , Ê ).
The Fourier–Mukai transform exchanges tensor product and Pontryagin product
(cf. Mukai [15, §3.7], where the argument applies also relative to a base), defined
as A⋆ B =m∗(p
∗
1A⊗ p
∗
2B). Thus we arrive at
(F∗OS[ǫ]) ⋆ (q
∗E ) ∈ Ext1X (E ,E ).
Using the shorthand X[ǫ] = X×S S[ǫ] and with an eye at the commutative diagram
X[ǫ] ✛
p2˜ S[ǫ]×S[ǫ]X[ǫ] p1 ✲ S[ǫ]
X[ǫ]
Tf
❄
✛
m
X[ǫ]×S[ǫ]X[ǫ]
F×1
❄
p1✲ X[ǫ]
F
❄
we write out what this means:
(F∗OS[ǫ]) ⋆ (q
∗E ) =m∗
(
p∗1(F∗OS[ǫ])⊗ (p
∗
2q
∗E )
)
=m∗ ((F × 1)∗(p
∗
2q
∗E ))
= Tf ∗(q
∗E ).
Now Tf ∗ = T
∗
−f , and the trace map applied to the first order deformation T
∗
−f (q
∗E )
yields its determinant, i.e.
T ∗−f (q
∗det(E ))⊗ q∗det(E )−1.
This is, by the theorem of the square, the inverse to the invertible sheaf (7). 
2.3. Splitting off traces. To define Donaldson–Thomas invariants, we are going
to construct a perfect symmetric obstruction theory on M(L ′ ,L ). However, to
obtain deformation invariance of the resulting invariant, which is a key point, a
relative version of the obstruction theory is needed. So we extend the setup from
Section 2.1 to the relative situation of an abelian scheme X/S.
Fix integers r and χ together with line bundles L on X and L ′ on X̂. We
say that a complex E on X ×S T has first Chern class L if φdet(E ) = φL ×S T as
morphisms X ×S T → X̂ ×S T .
LetM/S be a moduli space of perfect complexes on X/S with rank r, first Chern
class L , and with Fourier–Mukai transform of rank χ and first Chern class L ′.
Let E denote the universal family (possibly defined only locally on M , as in Sec-
tion 1.2). Recall that an isogeny of abelian schemes means a finite and surjective
morphism of group schemes. Such a morphism is necessarily flat [17, Lemma
6.12].
Condition 2.9. Assume that(
χ φL ′
−φL r
)
∈ End(X ×S X̂)
is an isogeny.
When S = SpecC, the endomorphism in Condition 2.9 agree with the one in
Condition 2.1.
Proposition 2.10. If the endomorphism in Condition 2.9 restricts to an isogeny in
some closed fibre Xs × X̂s, then it is an isogeny globally.
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Proof. Let f denote the endomorphism in Condition 2.9. The locus of points s ∈ S
such that fs is an isogeny is open (as the locus where Ker(f ) → S is finite) and
closed (as the locus over which fs is surjective), and nonempty by assumption.
Thus fs is an isogeny for all s ∈ S. So f is finite and surjective, i.e. an isogeny of
abelian schemes. 
Lemma 2.5 applies to the projection p2 : X×SM →M , which itself is an abelian
scheme, with dual p2 : X̂×SM →M . Thus we identify p2∗Hom(E ,E ) = p2∗Hom(Ê , Ê ),
and then there are canonical (co)diagonal and (co)trace maps
ι : p2∗OX×SM → p2∗Hom(E ,E ), tr : p2∗Hom(E ,E )→ p2∗OX×SM ,
ι̂ : p2∗OX̂×SM
→ p2∗Hom(E ,E ), t̂r : p2∗Hom(E ,E )→ p2∗OX̂×SM
.
Form the composition (t̂r,tr) ◦ (̂ι + ι) and take cohomology sheaves. Since the
cohomology sheaves of the complex p2∗OX×SM are h
i (π∗OX )⊗OS OM , and similarly
on the dual side, the result can be written
(8)
(
hi(π̂∗OX̂ )⊕ h
i(π∗OX )
)
⊗OS OM →Ext
i
p2
(E ,E )→
(
hi (π̂∗OX̂ )⊕ h
i(π∗OX )
)
⊗OS OM
For i = 1, view h1(π̂∗OX̂ )⊕h
1(π∗OX ) in (8) as the relative tangent space to X ×S X̂
along the zero section, as in Remark 2.8.
Lemma 2.11. For i = 1, the composition (8) is the endomorphism
(9)
(
χ dφL ′
−dφL r
)
,
of h1(π̂∗OX̂ )⊕ h
1(π∗OX ), tensored with OM .
Proof. The bottom right entry is h1p2∗ applied to
OX×SM
ι
−→Hom(E ,E )
tr
−→ OX×SM ,
but this is multiplication by the rank r of E already before the application of the
derived push forward. Similarly, the top left entry is multiplication by the rank of
Ê .
The bottom left entry is −dφdet(E ) by Lemma 2.7, and φdet(E ) = φL ×S M . Ex-
changing the roles of (X,E ) and (X̂, Ê ), we see that the top right entry is dφ
det(Ê )
=
d(φL ′ ×S M). (The sign change comes from the (−1)
∗ in Mukai’s isomorphism
(1).) 
Lemma 2.12. Assume X/S has dimension g = 3 and Condition 2.9 holds. Then the
truncation
τ[1,2]
(
p2∗Hom(E ,E )
)
→ τ[1,2]
(
p2∗OX̂×SM
⊕ p2∗OX×SM
)
of (t̂r,tr) is a split epimorphism.
Proof. It suffices to show that the truncation of (t̂r,tr)◦ (̂ι+ ι) to [1,2] is an automor-
phism of τ[1,2]
(
p2∗OX̂×SM ⊕p2∗OX×SM
)
in the derived category. In fact we claim: for
X/S of arbitrary dimension g , the composition (8) is an isomorphism for i = 1 and
i = g − 1.
For i = 1, the claim follows from Lemma 2.11, since Condition 2.9 implies that
(9) is an automorphism of h1(π̂∗OX̂ )⊕ h
1(π∗OX ).
The case i = g−1 follows from duality: the complexes OX×SM , OX̂×SM Hom(E ,E )
andHom(Ê , Ê ) are all self dual in the derived sense, and the duals of the diagonal
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maps ι and ι̂, upstairs on X×SM and X̂×SM , are canonically the trace maps tr and
t̂r. Thus, by relative duality overM and Remark 2.6, the dual of
p2∗OX̂×SM
ι̂
−→ p2∗Hom(Ê , Ê )
β
 p2∗Hom(E ,E )
tr
−→ p2∗OX×SM
is, canonically,
p2∗OX̂×M [g]
t̂r[g]
←−−− p2∗Hom(Ê , Ê )[g]
β[g]
 p2∗Hom(E ,E )[g]
ι[g]
←−− p2∗OX×M [g]
tensored with a line bundle η (as in Remark 2.6). So, suppressing β again, the dual
of tr ◦̂ι is (t̂r◦ ι)⊗η[g]. It follows that the dual of (t̂r,tr)◦ (̂ι+ ι) is (tr, t̂r)◦ (ι+ ι̂)⊗η[g].
Knowing that the first cohomology of (t̂r,tr)◦ (̂ι+ι) is an isomorphism, we conclude
that its g − 1’st cohomology is an isomorphism, too. 
Remark 2.13. By working with moduli spaces for complexes with fixed determi-
nant, and the corresponding trace free obstruction theory, we only get rid of one of
the trivial summands in Lemma 2.12, and the associated virtual fundamental class
is still zero. So in order to get a nontrivial invariant, we will fix the codeterminant,
too.
2.4. The obstruction theory. Let M(L ′ ,L ) ⊂ M denote the sub moduli space
parametrizing complexes with fixed determinant L and codeterminant L ′, i.e.
the fibre product
M(L ′ ,L ) ✲ M
S
❄
✲ Pic(X̂/S)×S Pic(X/S)
δ
❄
where the lowermost horizontal arrow is defined by (L ′ ,L ), and δ is defined by
(det(Ê ),det(E )).
Recall that Behrend–Fantechi [4] say that a perfect obstruction theory F →
LM over k is symmetric if it is equipped with an isomorphism θ : F → F
∨[1]
satisfying θ∨[1] = θ. We extend the definition to the relative situation by working
modulo line bundles from the base.
Definition 2.14. A relative perfect obstruction theory F → LM/S is symmetric if
there is a line bundle η on S and an isomorphism θ : F → F ∨ ⊗OS η[1] satisfying
θ∨[1]⊗OS η = θ.
Let F denote the kernel of the split epimorphism in Lemma 2.12, so that
(10) τ[1,2]p2∗Hom(E ,E )  F ⊕ τ
[1,2]
(
p2∗OX̂×SM ⊕ p2∗OX×SM
)
.
Theorem 2.15. Assume Condition 2.9. The morphism (2) induces a morphism
F ∨[−1]→ LM/S ,
whose restriction toM(L ′ ,L ) is a relative perfect symmetric obstruction theory.
Proof. The arguments of Huybrechts–Thomas [9, Theorem 4.1 and Section 4.4]
work with minor additions. Simplicity of E combined with Serre duality shows
that the diagonal and trace maps induce isomorphisms
OM = h
0p2∗OX×SM
∼→ h0p2∗Hom(E ,E ),
h3p2∗Hom(E ,E )
∼→ h3p2∗OX×SM  η
∨ ⊗OS OM
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(the last isomorphism by relative duality for π; as before η is the line bundle for
which ωX/S = π
∗η) and thus there are distinguished triangles
OM → p2∗Hom(E ,E )→ τ
≥1p2∗Hom(E ,E ),
τ[1,2]p2∗Hom(E ,E )→ τ
≥1p2∗Hom(E ,E )→ η
∨ ⊗OS OM [−3].(11)
By these triangles (and the fact that LM/S is, by definition, concentrated in de-
grees [−1,0]), the morphism (2) induces
(12) (τ[1,2]p2∗Hom(E ,E ))
∨[−1]→ LM/S
and hence, by the direct sum decomposition (10),
(13) F ∨[−1]→ LM/S .
For every deformation situation over S,
f : T →M, T ⊂ T
where T ⊂ T is an affine square zero thickening with ideal I ⊂ OT , the map (12)
gives rise to a class
ω ∈ Ext2(f ∗(τ[1,2]p2∗Hom(E ,E ))
∨,I ) H2(Hom(ET ,ET )⊗OT I )
which is in fact an obstruction class [9, Main theorem], i.e., it vanishes if and only
if f extends to T . Now ω decomposes as
ω = (ω0,ω1,ω2) ∈H
2(f ∗F ⊗I )⊕H2(I )⊕H2(I ).
Here,
ω0 ∈ Ext
2(f ∗(F ∨),I ) H2(f ∗F ⊗I )
is the class induced by (13), and ω1 and ω2 are the obstructions to deforming
det(ET ) and det(ÊT ), as the trace map sends the obstruction class of a perfect com-
plex to the obstruction class of its determinant. Since line bundles deform freely
in characteristic zero, ω1 and ω2 vanish, and so ω0 vanishes if and only ω does.
Thus ω0 is an obstruction class. If in addition det(ET ) is constant (in the sense
of being a pullback from the base), then the set of extensions T → M of f with
constant determinant is a torsor under the natural action of the trace free part of
Ext1(f ∗(τ[1,2]p2∗Hom(E ,E ))
∨,I ) H1(Hom(ET ,ET )⊗OT I ).
Thus, if f factors through M(L ′ ,L ), so that both det(ET ) and det(ÊT ) are con-
stant, then extensions T → M(L ′ ,L ) of f form a torsor under the trace- and
cotrace free part of H1(Hom(ET ,ET ) ⊗OT I ), which is H
1(f ∗F ⊗ I ). Thus the
restriction of (13) toM(L ′ ,L ) is a relative obstruction theory.
Whenever two terms in a distinguished triangle is perfect, so is the third, and
thus F is perfect. For every point i : Speck → M , the vector space hp(i∗F ) is
the trace- and cotrace free part of Extp(i∗E , i∗E ), and in particular vanishes for
p < [1,2]. Thus, by an application of Nakayama’s Lemma, the perfect complex
F has amplitude ⊆ [1,2]. By the two distinguished triangles (2.4), it follows that
relative duality
(p2∗Hom(E ,E ))
∨
 p2∗Hom(E ,E )⊗OS η[3]
induces
(τ[1,2]p2∗Hom(E ,E ))
∨
 (τ[1,2]p2∗Hom(E ,E ))⊗OS η[3].
Since the direct summand F is both the kernel of the trace/cotrace map and the
cokernel of the diagonal/codiagonal map, and these two maps are dual, there is
an induced isomorphism F ∨  F ⊗OS η[3]. Thus the obstruction theory (13) (re-
stricted toM(L ′ ,L )) is perfect and symmetric. 
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3. Perfect complexes modulo twist and translate
Let X be an abelian threefold over S = Speck.
With X × X̂ acting on a moduli space M of perfect complexes as before, by
translation and twist, define the stack quotient
K = [M/X × X̂].
In this section we rephrase the results from the previous section, and as outcome
we obtain a numerical invariant of K . This is our Donaldson–Thomas invariant
for abelian threefolds.
We pause to explain our point of view: suppose Y is a second abelian variety,
derived equivalent to X, i.e. there is an equivalence F : D(X) ∼→ D(Y ) of triangu-
lated categories. By Orlov [18], there is an object C ∈ D(X × Y ) on the product,
such that F is the Fourier–Mukai functor induced by C :
F(−) = p2∗(p
∗
1(−)⊗C )
Consequently the equivalence F extends in a natural way to families, i.e. there
are equivalences FT : D(X × T )→ D(Y × T ), functorial in T . In particular, if E is
the universal family on X ×M , then we may replace E by FM (E ) and view M as
a moduli space for complexes on Y . We wish to treat (X,E ) and (Y,F(E )) on an
equal footing, in particular our Donaldson–Thomas invariants should be invariant
under derived equivalence.
The equivalence F induces an isomorphism
f : X × X̂ ∼→ Y × Ŷ
such that [18, Corollary 2.13]
T ∗yF(−)⊗ ζ  F(T
∗
x (−)⊗ ξ)
whenever (y,ζ) = f (x,ξ). In particular the actions of X × X̂ and Y × Ŷ on M are
compatible, and there are induced isomorphisms
[M/X × X̂]  [M/Y × Ŷ ],
so the construction of K is invariant under derived equivalence. (In contrast, the
space M(L ′ ,L ) is not.) This setup seems to be natural also for not necessar-
ily abelian varieties: Rosay [20] has shown that, for any smooth projective va-
riety X, the identity component of the algebraic group Aut(D(X)) of autoequiv-
alences is in fact Aut0(X) × Pic0(X), and by an unpublished result of Rouquier
[8, Proposition 9.45], any equivalence F : D(X) ∼→ D(Y ) induces an isomorphism
Aut0(X)×Pic0(X) ∼→ Aut0(Y )×Pic0(Y ).
Proposition 3.1. Assume Condition 2.9, and let G be the kernel of the isogeny appear-
ing there. Then there is an isomorphism
[M(L ′ ,L )/G] ∼→ K.
In particular K is Deligne-Mumford.
Proof. As we saw in the proof of Proposition 2.2, the determinant/codeterminant
morphism (4) is X × X̂-equivariant, when the action on the base is defined via the
matrix in Condition 2.9. The statement follows. 
Although it is easy to verify that the obstruction theory in Theorem 2.15 is
G-equivariant as an element in the derived category of M(L ′ ,L ), this does not
suffice to conclude that there is an induced obstruction theory on the quotient K .
Bypassing this difficulty, we define the Donaldson–Thomas invariant directly, as
what it is if the obstruction theory does descend: let [M(L ′ ,L )]vir be the virtual
fundamental class associated to the obstruction theory of Theorem 2.15.
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Definition 3.2. Assume Condition 2.9 and that M(L ′ ,L ) is proper over k. The
Donaldson–Thomas invariant of the Deligne-Mumford stack K is
DT(K) =
1
|G|
deg[M(L ′ ,L )]vir.
Corollary 3.3 (of Theorem 2.15). Let X/S be an abelian scheme of relative dimension
3, and let M/S be a proper moduli space for perfect complexes, satisfying Condition
2.9. Then the Donaldson–Thomas invariant DT(Ks) associated to Ks = [Ms/Xs × X̂s] is
independent of s ∈ S.
Proof. Since the endomorphism in Condition 2.1 is an isogeny, its kernel G is flat
and finite over S, so its order |Gs | is constant in s.
The existence of a relative obstruction theory implies (see [3, Proposition 7.2]
and [9, Corollary 4.3]) that the degree of the virtual fundamental class ofMs(L
′
s ,Ls)
is constant in s. Hence the Donaldson–Thomas invariant
DT(Ks) =
1
|Gs |
deg[Ms(L
′
s ,Ls)]
vir.
is independent of s. 
Recall Behrend’s theorem [2] on weighted Euler characteristics: whenever a
proper k-scheme (or Deligne-Mumford stack) M admits a perfect symmetric ob-
struction theory, the degree of the associated virtual fundamental class agrees with
the weighted Euler characteristic
χ˜(M) =
∑
n∈Z
nχ(ν−1(n))
where χ is the usual topological Euler characteristic, and ν : M → Z is Behrend’s
invariant of singularities [2, Definition 1.4].
Corollary 3.4 (of Behrend’s theorem). Assume Condition 2.1. The Donaldson–Thomas
invariant DT(K) agrees with Behrend’s weighted Euler characteristic χ˜(K), and hence
is an intrinsic invariant of the Deligne-Mumford stack K .
Proof. The quotient mapM(L ′ ,L )→ K is étale of degree |G|, so
DT(K) =
1
|G|
χ˜(M(L ′ ,L )) = χ˜(K).

We return to Condition 2.1, with the viewpoint that we are free to replace (X,E )
with a derived equivalent pair. A coherent sheaf E , on an abelian variety of di-
mension g , is semi-homogeneous, if the locus
(14) Φ(E ) =
{
(x,ξ) ∈ X × X̂ T ∗xE  E ⊗Pξ
}
has dimension g (the maximal possible) [13, 16]. The proof of Proposition 2.2
shows that Condition 2.1 implies thatΦ(E ) is finite, so semi-homogeneous sheaves
fail the condition. Conversely:
Proposition 3.5. Let X be an abelian threefold over C with Picard number 1. If E is
a coherent sheaf on X, such that F(E ) fails Condition 2.1 for all autoequivalences F of
D(X), then E is semi-homogeneous.
Proof. Semi-homogeneity is invariant under derived equivalence, so we are free to
replace E with any transform F(E ).
The twist of any sheaf with a sufficiently positive divisor is IT0, and the Fourier–
Mukai transform of an IT0-sheaf is a vector bundle. Thus we may assume E is a
vector bundle, using the derived equivalence F defined as the composition of a
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very positive twist, the Fourier–Mukai transform, another very positive twist on
X̂, and the Fourier–Mukai transform back to X.
Semi-homogeneous vector bundles are numerically characterized [22] by hav-
ing Chern character ch = r exp(c1/r). In dimension 3, this means that rγ = c
2
1/2
and rχ = γc1/3. Since the Picard number is 1, we have α(σ,τ) = στ/3 for any two
complementary cycles σ and τ, by Remark 2.4. Thus
rχ −α(γ,c1) = 0
implies rχ = γc1/3. Let H be an ample divisor, denote its cohomology class by
h, and use primed symbols to denote the components of the Chern character
ch(E )exp(h) of E (H). A small computation, using basic properties of α [11, Propo-
sition 1], shows that(
rχ −α(γ,c1)
)
−
(
r ′χ′ −α(γ ′ , c′1)
)
= (rγ − c21/2)h−α(rγ − c
2
1/2,h)
(this holds without any condition on the Picard number). By assumption, the
left hand side is zero, and the vanishing of the right hand side implies that rγ =
c21/2. 
In relation to the proposition, one may ask whether there exist honest simple
semi-homogeneous complexes. Here is a weaker, but easy observation:
Remark 3.6. Let X be an abelian variety of dimension g , with a perfect complex
E having no twisted negative Ext-groups:
Ext−p(E ,E ⊗Pξ ) = 0, ∀ p > 0 and ξ ∈ X̂
Suppose E is semi-homogeneous in the sense that the locus Φ(E ) in Equation (14)
has dimension g . We claim that E is isomorphic to a single semi-homogeneous
sheaf, up to shift.
In fact, since Φ(E ) ⊆ Φ(hp(E )), each hp(E ) is semi-homogeneous as well. By
Mukai’s classification of semi-homogeneous vector bundles [13, Section 6] (and a
little care to cover non locally free semi-homogeneous sheaves), each hp(E ) admits
a Jordan-Hölder filtration with simple semi-homogeneous factors, and all these
factors agree up to twist by X̂. Thus if a is minimal and b is maximal such that
hp(E ) , 0 for p = a,b, there are a simple semi-homogeneous subsheaf F ⊆ ha(E ),
an element ξ ∈ X̂, and a surjection hb(E )։ F ⊗Pξ . The composition
E [−b]→ hb(E )։ F ⊗Pξ →֒ h
a(E ⊗Pξ )→ E ⊗Pξ [−a]
is an element in Exta−b(E ,E ⊗Pξ ), and it is nonzero since it induces a nonzero map
on h0. By hypothesis we cannot have a− b < 0, so a = b.
4. Examples
4.1. Picard bundles. Let i : C →֒ X be a smooth projective curve embedded in
its Jacobian X = J(C) via the Abel-Jacobi map, and let L be a line bundle on C.
If L is sufficiently positive or negative, the Fourier–Mukai transform î∗L is a
(possibly shifted) vector bundle: such bundles are called Picard bundles. One of
Mukai’s original applications for his transform [14] was to equate deformations of
Picard bundles î∗L with deformations of i∗L : letM be the connected component
containing i∗L , of the Simpson moduli space for stable sheaves with respect to an
arbitrary polarization. The action
(15) X × X̂ →M, (x,ξ) 7→ T ∗−x(i∗L )⊗Pξ
DONALDSON–THOMAS ON ABELIAN THREEFOLDS 15
is an isomorphism whenever C is nonhyperelliptic or has genus two [14, Theorem
4.8]. Thus K = [M/X × X̂] is a reduced point and
χ˜(K) = ν(point) = 1 (C nonhyperelliptic or g(C) = 2)
For hyperelliptic C of genus g > 3, the map (15) is an isomorphism onto Mred,
but M is everywhere nonreduced [15, Example 1.15] (this comes from obstructed
first order deformations of C in X). Thus K is a point with a nonreduced scheme
structure and
χ˜(K) = ν(nonreduced point) > 1 (C hyperelliptic and g(C) > 2).
There is, of course, nothing “virtual” about these counts, which make sense for
any dimension g .
4.2. Hilbert schemes of points. Let M be the moduli space for coherent sheaves
with rank 1, c1 = 0, γ = 0 and χ = −n, on an abelian threefold X. Any such sheaf is
a twisted ideal IZ ⊗Pξ , where Z ⊂ X is a finite subscheme of length n and ξ ∈ X̂.
Thus
M = X̂ ×Hilbn(X).
Projection to X̂ agrees with the determinant map on M , and projection to the
Hilbert scheme followed by the summation map
(16) Hilbn(X)→ X
agrees, up to sign, with the codeterminant map. Thus M(OX̂ ,OX ) is the fibre over
0 for (16), and will henceforth be denoted Kn(X) (this would have been Beauville’s
generalized Kummer variety if X were a surface). Condition 2.1 holds, and the
kernel of the isogeny there is the group of n-torsion points
Xn = Xn × 0 ⊂ X × X̂.
Thus K = [Kn(X)/Xn].
Behrend–Fantechi [4] show that for Hilbert schemes of points on threefolds, the
weighted Euler characteristic and the topological Euler characteristic agree up to
sign. Their method is easily adapted to Kn(X) and gives
χ˜(Kn(X)) = (−1)n+1χ(Kn(X)).
We also mention that Cheah’s formula [7] for the Euler characteristic of any
Hilbert scheme of points leads us to conjecture that, for X an abelian variety of
dimension g ,
exp
( ∞∑
n=1
χ(Kn(X))
n2g
tn
)
=
∞∑
n=0
Pg−1(n)t
n
where Pd(n) is the number of d-dimensional partitions of n. (For g = 1 and g = 2,
the formula does hold.) Using MacMahon’s generating function for plane parti-
tions, the conjectured formula for g = 3 can be written
χ(Kn(X)) = n5
∑
d |n
d2
giving, still conjecturally,
DT(K) =
(−1)n+1
|Xn|
χ(Kn(X)) =
(−1)n+1
n
∑
d |n
d2.
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